We study the S = 1 2 quantum antiferromagnetic XY model on finite triangular lattices with N sites in both longitudinal and transverse magnetic fields.
lar lattices with N sites in both longitudinal and transverse magnetic fields.
We calculate physical quantities in the ground state using a diagonalization for spins N ≤ 27, and those at finite temperatures using a quantum transfer Monte Carlo method for N ≤ 24. In the longitudinal magnetic field, the long-range chiral order parameter seems to have a finite, nonzero value at low temperatures suggesting the occurrence of a classical umbrella-type phase.
In the transverse magnetic field, the 1/3-plateau of the magnetization curve appears even at low temperatures, in contrast with the classical model. The magnetic field dependences of the order parameters suggest that the chiralordered, the ferrimagnetic, and the spin flop phases appear successively as the magnetic field is increased. The transition temperatures are estimated from the peak position of the specific heat, and the phase diagrams are predicted in both longitudinal and transverse magnetic fields.
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where J (> 0) is the exchange integral, H α is an external magnetic field along the α direction, and i, j takes all the nearest neighbor pairs. In the classical model, Miyashita and Shiba 1 found using the Monte Carlo method that a long-range chiral-ordered phase exists at low temperatures, although the long-range order of the spins disappears at finite temperatures.
They also suggested that the transition belongs to the universality class of the Ising model.
The model in magnetic fields was also studied. In a longitudinal field, all the spins lean to the z direction but the chiral-ordered phase still exists (Fig. 1 , the umbrella-type phase). On the other hand, in a transverse magnetic field, Lee et al. showed that the chiral-ordered, the ferrimagnetic, and the spin flop phases appear successively as the magnetic field increases (in Figs. 2(a) -(c)). 2 In the ferrimagnetic phase, the magnetization has a value of 1/3 of the saturated value, and the magnetization curve exhibits a plateau, which is often called as a 1/3-plateau. However, the ferrimagnetic region of the field shrinks as the temperature cools down, and vanishes at T = 0.
In the S = 1/2 quantum model, it has been discussed whether the classical ordered phases are broken down by the quantum fluctuation or not. [3] [4] [5] [6] [7] [8] [9] [10] The ground state properties of the model on finite lattices have been studied using a diagonalization method. [3] [4] [5] [6] The largest lattice treated up to now is that with N = 36, 5 and the results suggest that the chiral order parameter remains finite for N → ∞. The properties at finite temperatures were also studied by several authors using a quantum transfer Monte Carlo (QTMC), 7,11 a high temperature series expansion, 8 and a super-effective-field theory. 9 Recently, the authors carefully studied an anisotropic Heisenberg model using the QTMC method and showed that, when XY anisotropy is large, the peak-height of the specific heat increases with N.
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Thus they predicted that the quantum fluctuation does not destroy the classical chiralordered phase in finite temperatures. In presence of magnetic fields, on the contrary, it was speculated that the quantum fluctuation brings a different ground state from the classical one. Chubukov and Golosov studied the ground state of the XY model in the transverse field using the spin wave theory, and suggested that the 1/3-plateau appears at T = 0.
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However, the spin wave theory does not always give a correct result in the frustrated model.
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Moreover, when S = 1/2, the critical field at which the plateau appears becomes negative because of the 1/S-expansion.
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In this paper, we study the S = 1/2 quantum XY model in magnetic fields. We consider the magnetic structures both at T = 0 and at T = 0. We calculate quantities in the ground We consider the models in the longitudinal and the transverse fields in Sec. II and Sec. III, respectively. Summary is given in Sec. IV. We explain the QTMC method in Appendix A.
where the relation of i → j → k is taken counterclockwise, as is shown in Fig. 2(a) . The eigenvalues of χ z (R) are ±1/2 and 0. The long-range chiral order parameter is defined as
where R runs over all the upright triangles on the lattice. In Figs given as suggest that at T = 0.2 the umbrella-type phase survives at least H z < ∼ 2.5.
We also consider the temperature dependence of the specific heat C, M z , and χ 2 at fixed fields. The specific heat is calculated from
We found considerable differences in those quantities between for odd N and for even N, but they are reduced with increasing N. In Fig. 8(a) , we plot C as a function of T at H z = 1.0.
As N increases, the peak of C becomes higher and sharper at T ∼ 0.4. A similar size dependence can be seen up to H z ∼ 2.0. Results at H z = 2.0 are also shown in Fig. 8(b) , in which the increase of C is seen at low temperatures. In Figs. 9 and 10, we plot M z and χ 2 as functions of T . As the temperature is lowered, M z increases slowly and saturates at T ∼ 0.4. χ 2 increases and its size dependence becomes smaller, which indicates that χ 2 remains finite in the thermodynamic limit. Therefore all the results suggest that the phase transition occurs at least H z ≤ 2.0.
The phase diagram of the model predicted from the above results is shown in Fig. 11 .
The transition line is estimated from the peak position of C. The chiral-ordered phase with the longitudinal magnetization (the umbrella-type phase) survives in the longitudinal magnetic field H z .
III. TRANSVERSE MAGNETIC FIELD
Next we study the model in the transverse field H x . Since the total magnetization M z is not good quantum number, we must treat all the 2 N states in the diagonalization method.
The QTMC method prepares all the Ising states, and it does not suffer from this difficulty.
We calculate the magnetization, the order parameter defined below, and the specific heat.
The number of the states M are as follows: M = 50 for N ≤ 18, M = 10 for N = 21, and M = 2 for N = 24.
We calculate the total magnetization given by These edges depend little on the temperature. Note that even at T = 0.133, M x slightly increases with H x between H c1 and H c2 , in contrast with that of the Heisenberg model,
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because M x is not good quantum number in the XY model. Now we consider the spin structure. In Fig. 2 , we show three possible spin structures (a), (b), and (c) which appear in the classical model at low, intermediate, and high fields, respectively. These structures are called as the chiral-ordered, the ferrimagnetic, and the spin flop phases, respectively. In order to see which structure is realized with H x , we calculate the chiral order parameter and x and y components of the sublattice order parameters which are defined as
where M α ζ (≡ i∈ζ S α i /(N/3)) means the α component of the magnetization of the ζ sublattice. In Table. I we show the relation between the order parameters and the spin structures. 
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In Fig. 17 , we show the phase diagram of the model. This phase diagram is analogous to that of the classical model. However, it should be emphasized that the 1/3-plateau widely survives at the low temperatures.
IV. SUMMARY
In this paper, we have studied the S = 1/2 quantum antiferromagnetic XY model on finite triangular lattice in both longitudinal and transverse magnetic fields using the diagonalization and the QTMC methods. We have calculated the magnetization, the specific heat, and the order parameters for different sizes of the lattices, and examined their size dependences to see whether some long-range ordered phase occurs or not. Our results are summarized as follows.
In the longitudinal magnetic field, the long-range chiral order parameter seems to have a finite, nonzero value at low temperatures. The peak height of the specific heat increases with N suggesting the occurrence of the phase transition. From the results, we suggest that the umbrella-type phase survives at low temperatures, and predict the phase diagram.
In the transverse magnetic field, the 1/3-plateau is seen in the magnetization curve at In QTMC method, 11, 12 we calculate the following quantity:
where A is some physical operator and the sum runs over M states each of which is given
here C ik is a random number of −1 ≤ C ik ≤ 1. We can readily show that A → A for 
